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^~^, Abstract. We compare the strength of polychromatic and monochromatic 

C^ ■ Ramsey theory in several set-theoretic domains. We show that the rainbow 

Ramsey theorem does not follow from ZF, nor does the rainbow Ramsey theo- 
rem imply Ramsey's theorem over ZF. Extending the classical result of Erdos 
r-«^ , and Rado we show that the axiom of choice precludes the natural infinite 

exponent partition relations for polychromatic Ramsey theory. We introduce 
rainbow Ramsey ultrafilters, a polychromatic analogue of the usual Ramsey ul- 
trafilters. We investigate the relationship of rainbow Ramsey ultrafilters with 
r J ^ various special classes of ultrafilters, showing for example that every rainbow 

Ramsey ultrafilter is nowhere dense but rainbow Ramsey ultrafilters need not 
be rapid. This entails comparison of the polychromatic and monochromatic 
r^ ' Ramsey theorems as combinatorial principles on lj. Finally we give new char- 

acterizations of the bounding and dominating numbers and the covering and 
uniformity numbers of the meager ideal which are in the spirit of polychromatic 
Ramsey theory. 
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^ ■ 1. Introduction 

<N 

In this article we investigate the relative strengths of monochromatic and poly- 
chromatic Ramsey theory in a variety of settings. Recall that in the usual monochro- 
^f^ I matic Ramsey theory one is given a coloring x ■ i^]^ — ^ C and seeks a set Y C X 

f^ , which is monochromatic for x- This means that there is a single color which all 

CN ' elements of [Y]" receive. In the polychromatic Ramsey theory we instead seek a 

set F C X which is polychromatic for x- This means that each member of [F]" 
receives a different color. (Polychromatic Ramsey theory also goes by the name 
1,^ , rainbow Ramsey theory; a polychromatic set might be called a rainbow). 

%N ' In order to be able to find monochromatic or polychromatic sets we must put 

C^ , some restriction on the colorings under consideration. In monochromatic Ramsey 

theory the appropriate restriction is to insist that the set of colors be finite; in the 
polychromatic theory we insist that each color gets used a bounded, finite number 
of times. For k G w we will say that the coloring x '■ [^]" ^ C* is fc-bounded if 
X "^[c]| < k for each c £ C. 

The following trick due to Fred Galvin shows that whenever positive results in 
the monochromatic theory hold so too will their polychromatic analogue. Suppose 
we are given x '■ [^]^ — )> C a fc-bounded coloring. For each c G C fix an enumeration 
of x~^[c], and form the dual coloring x* '■ i^]" — > fc by letting x(a) = i exactly 
when a is the ith element in the enumeration of its color class. It is easy to see 
that Y C X is polychromatic for x whenever Y is monochromatic for x*- 

Several situations in which the polychromatic theory is strictly weaker than 
the monochromatic theory are already well-known. In the finite setting it has 
been shown that the classical Ramsey number i?„ grows much more quickly than 
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its polychromatic counterpart ( [AGHH86J . |HMB04J ). In the context of reverse 
mathematics, Csima and Mileti showed jCMOQj that the rainbow Ramsey theorem 
does not imply Ramsey's theorem over RCAq even though RCAq is sufficient to 
prove that Ramsey's theorem implies the rainbow Ramsey theorem. Sierpinksi 
showed (in ZFC) that there are 2-colorings of [loiY with no monochromatic subset 
of size wi, yet Todorcevic |Tod83 | and Abraham, Cummings and Smyth [ACSOTj 
independently showed that under PFA one may always find polychromatic subsets 
of size wi for 2-bounded colorings on [wi]^. 

Our contributions are the following. In section [5] we view the rainbow Ram- 
sey theorem as a choice principle. We will prove that some choice is needed to 
prove the rainbow Ramsey theorem, and that there are models of ZF where the 
rainbow Ramsey theorem holds yet Ramsey's theorem fails. In section [3] we will 
show that the axiom of choice forbids infinite exponent partition relations for the 
polychromatic Ramsey theory just as it does for the monochromatic theory. 

In section |4] we investigate the (countable) combinatorial power of the rainbow 
Ramsey theorem; to accomplish this we introduce rainbow Ramsey ultrafilters, a 
polychromatic analogue of the classical Ramsey ultrafilters. Every Ramsey ultra- 
filter is a rainbow Ramsey ultrafilter, yet consistently there are rainbow Ramsey 
ultrafilters which are not Ramsey. Thus in the context of ultrafilters the poly- 
chromatic theory is weaker. We will investigate the relationship between rainbow 
Ramsey ultrafilters and other well-known types of special ultrafilters which en- 
capsulate various combinatorial principles on lo. Ramsey's theorem is sufficiently 
strong as a combinatorial to principle so that any Ramsey ultrafilter falls into one 
of these special types; this is not so for the rainbow Ramsey theorem. 

Constructing ultrafilters which are rainbow Ramsey but fail to have some other 
property requires building polychromatic sets with various special properties, prop- 
erties for which one cannot generally find monochromatic sets. For example, we will 
(assuming MA) construct a rainbow Ramsey ultrafilter which is not rapid. To do 
this we must be able to build polychromatic sets whose enumerating functions do 
not grow too fast; the monochromatic theory is strong enough to enforce fast growth 
while the polychromatic theory is not. In a similar vein we will construct a rain- 
bow Ramsey ultrafilter which is not discrete. This requires building polychromatic 
subsets of Q which have high Cantor-Bendixson rank, something not in general 
possible in the monochromatic theory. However we will prove that every rainbow 
Ramsey ultrafilter is nowhere dense. One aspect of the proof involves showing that 
there are 2-bounded colorings for which polychromatic sets are necessarily nowhere 
dense. We also show that there may exist weakly selective ultrafilters which are 
not rainbow Ramsey. 

Finally, in section [5] we give several cardinal characteristics of the continuum 
new characterizations in the spirit of polychromatic Ramsey theory. 

Acknowledgements. The author would like to thank Itay Neeman for many help- 
ful discussions, and for helping to simplify the exposition of the material in Section 
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2. Polychromatic Ramsey theory and the axiom of choice 

In this section we investigate polychromatic Ramsey theory in the absence of 
the axiom of choice. The standard reference for the basics of building models for 
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the failure of choice is the text |Jec73] , whose notation and terminology we follow 
closely. 

The original result in Ramsey theory may be stated as follows. 

Theorem 2.1 (Ramsey's Theorem). Let X be an infinite set and let x : [X]'^ —^ 2. 
Then there is an infinite Y <Z X which is monochromatic for x- 

Applying Galvin's trick one gets the following polychromatic analogue. 

Theorem 2.2 (The rainbow Ramsey theorem). Let X he an infinite set and let 
X ■ [X]'^ -^ C be a 2-hounded coloring. Then there is an infinite Y <Z X which is 
polychromatic for x- 

The proof of Ramsey's theorem as stated here uses the fact that every infinite 
set has a countably infinite subset, while Galvin's trick requires the existence of 
a choice function on sets of pairs. Kleinberg |Kle69| proved that some amount of 
choice is necessary to prove Ramsey's theorem. We begin this section by observing 
that this is also true of the rainbow Ramsey theorem. 

Theorem 2.3. There is a model of ZF in which the rainbow Ramsey theorem does 
not hold. 

Proof. We use the permutation model M referred to in |Jec73j as the second 
Fraenkel model. While technically speaking permutation models only yield indepen- 
dence results for ZFA (set theory with atoms) , the Jech-Sochor theorem (Theorem 
6.1 of [JecTSj l can be applied to yield the ZF result. 

Recall that the model M is obtained as follows. Let A = [jPn where P„ = 
{an.bn}, and Q is the group of all permutations tt of A such that 7r({a„,6„}) — 
{fln, bn}. We obtain M using Q and the ideal I of finite supports. 

Let X in M be a 2-bounded coloring of [A\^ which gives the pair {ai,hj} the 
same color as {6^,0^}, and the pair {0^,0^} the same color as the pair {&i,6j}. 
Specifically we may take x to be defined by xdoij^j}) = {{'^ij ^j}j {'^jj ^i}}) 9'iid 
x{{ai,aj}) = xd^ij^j}) = {{fliiOjIj {^ij^j}}- It is not hard to see that x is 
invariant under permutations t: G G and hence that x belongs to M. 

There is no infinite set in Af which is polychromatic for x- This is because any 
infinite B C_ A belonging to M must contain infinitely many pairs {a^, bi}. D 

Let N be the basic Cohen model of the failure of the axiom of choice, as described 
in section 5.3 of |Jec73j . In that model the Boolean prime ideal theorem holds, 
every set can be linearly ordered and every collection of well-ordered sets has a 
choice function. Blass |Bla77) proved that Ramsey's theorem fails in N. Thus 
our next result shows that the rainbow Ramsey theorem is considerably weaker 
than Ramsey's theorem as a choice principle. Our argument is very much inspired 
by Blass's argument in |Bla77| that the basic Fraenkel model satisfies Ramsey's 
theorem. 

Theorem 2.4. The rainbow Ramsey theorem holds in N . 

As in [Jec73 we take A = {x„ : n e w} to be the canonical set of Cohen reals in 
N. We start by showing that the rainbow Ramsey theorem holds on A. 

Lemma 2.5. Say Y C A is infinite, Y E N. If x ■ [Y]^ ^ C is a two-bounded 
coloring in N , then there is in N an infinite set X CY on which x is polychromatic. 
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Proof. Let Xj ^ be hereditarily symmetric names for the corresponding objects. 
There is a finite e C oj such that fix(e) C sym(x). We claim that Y \ {x„ : n £ e} 
is polychromatic. 

Suppose otherwise for contradiction. There are two very similar cases to consider; 
we will derive a contradiction from the situation where for some distinct io,ii, J2 
not in e we have xii^io ^ ^12 }) — xii^ii j ^i2 })• Let p G P forcing x to be 2-bounded 
and with 

P II" X{{ii(nii2}) = X{{iii,ii2})- 
We may assume without loss of generality that e U {i^, Ji, 42} ^ dom(p). Let tt be 
a permutation which fixes each member of e as well as ig and 22, and for which 
7r(ii) = k where k is not in the domain of p. Then p, 7r(p) are compatible, and 
7r(p) Ih x({iio, ija}) — x{{ik,ii2})- But then if g is a common strengthening of p 
and 7r(p) we have that 

9ll~x({i»o>a;»2}) = x{{ik,Xi^}) = x({in,a;i2}) 

which violates x being forced to be two-bounded. 

The case where there exist distinct io,ii,i2,i3 not in e with xd^ioj^iil) — 
xdxijjXig}) is similarly handled. D 

To prove that the rainbow Ramsey theorem holds in N we must show that if 
X G A^ is an infinite set and x ■ i^]'^ ^' C is a 2-bounded coloring in N, then N 
contains an infinite polychromatic subset of X. If X happens to be well-orderable 
in N, there is no difficulty since the usual proof of the rainbow Ramsey theorem 
will go through. We thus only have to worry about sets in N which cannot be 
well-ordered. Theorem 12.41 will be proven once we establish the following. 

Lemma 2.6. If B £ N is a non-wellorderable set, then N contains a bijection of 
B with an infinite subset of A. 

Proof. We take advantage of the theory of least supports. Our notation will match 
that of chapter 5 of jJec73j . Let x & N, and E C A with E finite. Write 
E — {xig, . . -Xi^}. We say that E supports x and write A(E,x) if there is some 
hereditarily symmetric name x with x[G] — x such that {io, . . . ik} supports x. The 
class relation A is definable in N. 

We first claim that ii B £ N and there is some single E such that A{E, x) holds 
for all a; G B, then B can be well-ordered in N. Say E = {xig , . . .Xi^}. By the axiom 
of replacement applied in TV there is an ordinal a so that for every x € B there is 
a hereditarily symmetric name x in Va with support e = {io, . . . ik} and x[G] = x. 
Let C — {t[G] : t is a hereditarily symmetric name in Va with support e}. Then 
C belongs to N and B C C. Furthermore, C can be well-ordered in N since all the 
relevant names are supported by e. Thus B can be well-ordered in N. 

Recall now that every x E N has least support; that is, there is some Eq 
with A{x,Eo) and such that A{x,E) implies Eq C E. Suppose B is some non- 
wellorderable set with least support Eq, witnessed by the hereditarily symmetric 
name B. By the above paragraph there is some x E B for which A{x,Eo) does 
not hold. Write the least support of x as i?i U {xk} where Xk docs not belong to 
Eq U El. Let i be a hereditarily symmetric name for x with support Ei U {xk}. 
Enumerate Eq = {xi^, . . . Xi^ } and Ei — {xj^, . . ■ Xj^ }. Let p E G with 

p\\- X E B and Ei U {xk} is the least support of x. 
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Let Co — {io, ■ ■ -ki}, let ei = {jo, . . ■ JI2} and let e = eo Uei. Consider the name 

f = {((7''(i:fe),7r(i:)),7r(p)} : tt fixes e}. 

Then / = (t[G'] belongs N since ct is supported by e. We have four things to prove 
about /. 

First, we check that / is a function. If 7ri(ifc)[G] = TT2{ik)[G] then 7ri(fc) = 7r2(fc) 
and so 7rj~^7r2 fixes e U {fc} and thus i. Then 7ri(i) = 7r2(i). 

Secondly we note that the range of / is a subset of X. Any member of the 
range of / has the form 7r(i)[G] for some n fixing e with 7r(p) G G. Since tt fixes e, 
tt{B) = B and so tt{p) Ih 7r(i) e B. 

Next we observe that the domain of / is an infinite subset of A. This is because 
Xi belongs to the domain of / whenever 7r(p) G G for some n mapping k to i. Since 
G is generic this happens for infinitely many i. 

Finally we claim that / is injective. Otherwise we would have 7ri(i)[G] ~ 
7r2(i)[G] for some 7ri,7r2 with 7ri(fc) — fci, 7r2(fc) = A;2, fci 7^ ^2 and both ni{p) 
and 7r2(p) belonging to G. Let q < tti (p) , 7r2 (p) with g in G and such that 
q Ih 7ri(i) — 7r2(i). Now 7ri(i;) and 7r2(i) have supports ei U {fci} and ei U {fc2} 
respectively. Hence by [Jec73) Lemma 5.23 there is some z with support ei and 
q W- TTi{x) = 712 (i) = z. Since q extends TTi{p) we have 

q Ih _Ei U {ifeil is the least support of 7ri(i) . 

On the other hand, q belongs to G and 7ri(i;)[G] — z[G] and i has support strictly 
contained in ei U {fci}. Contradiction. D 

As we mentioned, Calvin's trick also requires a small amount of choice. We do 
not know of a model of ZF where Ramsey's theorem holds but the rainbow Ramsey 
theorem fails. 

3. Polychromatic Ramsey theory and infinite exponent partition 

relations 

A result of Erdos and Rado says that under the axiom of choice Ramsey's theo- 
rem fails for infinite exponent partitions (Proposition 7.1 of |Kan03| ) . Specifically, 
for any infinite cardinal k there is a 2-coloring of the countable subsets of k so that 
no infinite subset of k has all of its countable subsets receiving the same color. In 
this section we show that the axiom of choice also implies the failure of the rainbow 
Ramsey theorem for infinite exponent partitions. Using Calvin's trick we may view 
our result as a strengthening of the Erdos and Rado result. The work in this section 
is joint with Anush Tserunyan. 

Theorem 3.1. Let k be an infinite cardinal. There is a 2-bounded coloring x • 
[k]" -^ C so that whenever X G [k]" there are distinct a, 6 G [X]^ with x(a) = x(^)- 

To prove the theorem it is enough for us to establish the following. 



Lemma 3.2. Let k be an infinite cardinal. There exists an injective map f : [k 
[k]" so that for each x we have that f{x) is a proper subset of x. 



.. " 



Civen the lemma. Theorem 13. II is proven as follows. Let / be as in Lemma 13.21 
We define /o and /i two injections from [k]" into [k]" with disjoint ranges so that 
/o(a;) and fi{x) are both proper subsets of x for each x. This can be done by 
looking at the orbits of /; that is, each collection {/"(x) : n G Z}. Because / is 
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injective, the orbits partition the range of /. Select an enumeration of each, and 
take /o and /i so that fo{x) is an even member of the orbit of x while fi{x) is an 
odd member of the orbit of x. With /o and /i defined, we may define x by setting 
xifoi^)) = xifii^))^ ^-i^d letting x take distinct values on the other members of 
[k]". Then x is as desired. 

Let us remark that since there are models of ZF where Ramsey's theorem holds 
for infinite exponent partition relations, by Galvin's trick there are models of ZF 
where the rainbow Ramsey theorem holds for infinite exponent partition relations. 
Thus this argument also shows that the axiom of choice is required to prove the 
existence of such injections /o and /i . 

We now make the observation that the lemma holds if k = w. 

Proposition 3.3. There exists an injection f : [u]'^ — > [u]'^ so that for each x we 
have that f{x) is a proper subset of x. 

Proof. Fix an enumeration of [uj]'^ in ordertype 2". We define / by transfinite 
recursion. At stage a, we define f{x) where x is the ath member of [w]". Since 
X has 2" many proper subsets and since there are strictly less than 2'^ values of / 
which have been decided we may select a value for f{x) not equal to any earlier 
decided value. D 

Proof of Lemma lS.Si Fix A = {oq : a < A} a maximal almost disjoint family of 
members of [k]". That is, Oq Dap is finite for distinct a and /3 and for any x e [k]'^ 
there is some a such that x Cl Oa is infinite. 

We construct / as follows. For each a < A let /„ : [a^]'^ -^ [la]'^ be as in 
Proposition 13.31 Given x in [k]'^ , take a least for which x n Cq is infinite and set 
f{x) equal to fa{x fl Ua) U (a; \ Oa). 

We claim that / is injective. Fix a;o,a;i S [ac]" with ao and ai least so that 
xq n Oag and xi n a^j are infinite. Assume without loss of generality that ag < ai. 
Suppose f{xo) = f{xi) so that 

faoixQ naaj U (a;o \ a^ J = /ai(xi n a^ J U {xi \aaj. 

Note that fao{xo fl Aqq) is an infinite subset of aao and fai{xi fl 0^) is an infinite 
subset of Oq^. Consider the following two possibilities. If faoixo H Oao) has infinite 
intersection with fa^ {xi Haa-^), then Aqq ClOa-^ is infinite so that ao = ai. The other 
possibility is that fa^ {xq n Oag ) fl xi \ a^j is infinite in which case aao H xi is infinite 
so that ao is equal to a i by minimality of ai. In either case we can conclude that 
ao and ai are equal to the same ordinal a. 
Thus 

fa{xo n Oa) U (Xo \ Oq) = fa{xi D Qa) U (xi \ «„). 

Since /q(xo n Cq) — fa{xi fl Oq,) we have xq fl Oq = xi fl Oq by injectivity of fa- 
Because xq \ Cq = xi \ Oq, also holds we get xo — xi as desired. D 

4. Polychromatic Ramsey theory and ultrafilters on w 

We turn our attention now to monochromatic and polychromatic Ramsey theory 
in the context of ultrafilters on lj. The following objects are central in the study of 
such ultrafilters. 

Definition 4.1. A nonprincipal ultrafilter lA is Ramsey if for every coloring x ■ 
[oj]^ — 7> 2 there is an A C w belonging to U which is monochromatic for x- 
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Ramsey ultrafilters are often called selective ultrafiltcrs in connection with the 
following characterization. An ultrafilter U is Ramsey exactly when given any 
partition of lo into countably many pieces lJn<tj ^" with each An ^ lA we may find 
B £ U such that |yl„ C\ B\ < 1 for each n & uj. Another salient characterization 
of Ramsey ultrafilters is that they are precisely nonprincipal ultrafilters which are 
minimal in the Rudin-Keisler ordering. 

The existence of Ramsey ultrafilters is not provable in ZFC. This was first es- 
tablished by Kunen |Kun76) . Martin's Axiom (MA) is sufficient to prove their 
existence; indeed MA is generally the context in which relationships between var- 
ious classes of ultrafilters are studied. Such investigations have been pursued by 
Baumgartner |Bau95| . Brendle |Bre99| and others. 

As an analogue to the Ramsey theoretic characterization of Ramsey ultrafilters, 
we present the following definition. 

Definition 4.2. A nonprincipal ultrafilter U is rainbow Ramsey if for every 2- 
bounded coloring x ■ [lo]'^ ^)- lo there is an A C a; belonging to U which is polychro- 
matic for X- 

By Galvin's trick every Ramsey ultrafilter is a rainbow Ramsey ultrafilter. As- 
suming MA we will prove that the converse does not hold. We will also compare the 
notion of rainbow Ramsey utrafilter to other notable classes of special ultrafilters 
on w. Let us introduce the special ultrafilters we will consider. 

Definition 4.3. A nonprincipal ultrafilter W on cj is weakly selective if whenever 
cj is partitioned into countably many pieces Un<w ^" with each An ^ U we may 
find B ^U such that An fl i? is finite for each n G w. 

Weakly selective ultrafilters are also often referred to as P-points in connection 
with the fact that an ultrafilter is weakly selective exactly when for every countable 
family {i?„ : n G w} of members of U there is some B ^ U such that B C* Bn for 
each n G w. (Here C* is the preorder of almost containment; A C* B means A\B 
is finite). 

Definition 4.4. A nonprincipal ultrafilter Z^ on a; is rapid if for every / : w — > cj 
there is some A aU such that / <* ca- (Here ca is the function enumerating A in 
increasing order, and <* is the preorder of eventual domination.) 

The next definition scheme is due to Baumgartner |Bau95] . In this paper ideals 
will always contain all possible finite sets. 

Definition 4.5. Let I be an ideal on some set X. We say that a nonprincipal 
ultrafilter on w is an I-ultrafilter if for every / : w — > AT there is some A G U with 
fiA) G I. 

For example we could take I to be the nowhere dense subsets of Q, or we could 
take I to be the discrete subsets of Q; in these cases we have the notion of a nowhere 
dense ultrafilter and the notion of a discrete ultrafilter, respectively. Every Ramsey 
ultrafilter is rapid, and every Ramsey ultrafilter is weakly selective. Every weakly 
selective ultrafilter is discrete, and every discrete ultrafilter is nowhere dense. 

We connect rainbow Ramsey ultrafilters to these classes as follows. Every rain- 
bow Ramsey ultrafilter is nowhere dense, but (assuming MA) there exist rainbow 
Ramsey ultrafilters which are not discrete as well as rainbow Ramsey ultrafilters 
which are not rapid. Shelah proved [She98) that there are models of ZFC with no 



8 PALUMBO 

nowhere dense ultrafilters; this imphcation shows that the same is true of rainbow 
Ramsey ultrafilters. We will also show that MA implies the existence of a weakly 
selective ultrafilter which is not rainbow Ramsey. Together these results rule out 
the possibility of the concept of rainbow Ramsey ultrafilter being equivalent to any 
previously studied special class of ultrafilter. 

In our constructions of ultrafilters which are rainbow Ramsey but lack some 
other property we will be interested in building polychromatic sets which are large 
in some sense. Let us describe some tools that will help us accomplish this. Fix a 
coloring x ■ [w]^ -^ ut. We assume throughout that x is 2-bounded. For a, 6 6 cj we 
will usually write x(a, b) for xiW, b}). If X C w is finite and a € cu we write X < a 
to mean max(X) < a. Similarly we will write X < Z to mean max(X) < min(Z). 

Definition 4.6. A set A C_ u is normal if whenever aq < ai and 6o < ^i are 
elements of A with x('iOi Qi) = x{bo, bi) then we necessarily have oi = 6i. 

Generally our constructions of large polychromatic sets will entail first building 
large normal sets. 

Suppose X is a given finite polychromatic set. We define E{X) by setting 

E{X) = {a : A U a is polychromatic}. 

We will sometimes write E{X U x) as shorthand for E{X U {x}). The notation 
A<Z* B means B\Ais finite. 

Proposition 4.7. Suppose A is normal. If X C A is polychromatic, \X\ < n and 
ao < . . . < an belong to ACi E{X) then 

A n E{X) (Z* AC] {E{X U ao) U . . . U E{X U a„)). 

Proof. We are claiming that every member of Ar\E{X) greater than an belongs to 
^'~'Ui<n E{Xyjai). Enumerate X — {xo, . ■ ■ a;„_i}. Suppose for contradiction that 
z > On with e A n E{X), but z does not belong to any A n E{X U Oi). For each 
such i, since X U {^} is polychromatic, X U {oi} is polychromatic, X U {a^, z} is not 
polychromatic and A is normal there must be some ji such that xi'^ii ^) = xi^ji -i ^)- 
There are n + 1 possible i while only n possible ji. By the pigeonhole principle there 
is some j and io < ii such that j = ji^ = j^^ . Then xi^j^z) = x(aio : ^) = xi^n , z). 
But that contradicts x being 2-bounded. D 

Lemma 4.8. Suppose A C_ uj is normal. Let I be an ideal on lo. Let X Q A be 
polychromatic with \X\ < n. Then if E{X) f] A ^ I , 

{aeAr\ E{X) : A n E{X U a) e /} 

has size at most n. 

Proof. Suppose for contradiction that a^, . . .On are distinct members of A n E{X) 
with each A n E{X U Oi) belonging to /. Then by Proposition 14. 71 we have 

A n E{X) C* An {E{X U ao) U . . . U E{X U a„))- 

But then A n E{X) belongs to /. Contradiction. D 

The direct proof of the rainbow Ramsey theorem given in |CM09j may be viewed 
as an application of Lemma l4!8l taking I to be the ideal of finite sets, and serves as 
a paradigm for our constructions of large polychromatic sets in subsequent subsec- 
tions. 
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4.1. An ultrafilter which is rainbow Ramsey and not rapid. In this subsec- 
tion we use MA to construct a rainbow Ramsey ultrafilter U which is not rapid. 
To accomplish this we must be able to build polychromatic sets which are large in 
the sense that they have enumerating functions which do not grow too fast. That 
is, we define a function / : w — ;• a; and construct lA so that for every ^ G Z^ we 
have / ^* ca- Such constructions are not possible in the monochromatic theory; 
given a function one can always define a 2-coloring so that any monochromatic set 
dominates that function. 

Proposition 4.9. There is a function Nrm : uP' ^f u) such that the following holds. 
Suppose X is 0, 2-bounded coloring and X is normal with \X\ ~ p, and suppose 
Z 'Z uj with Z > X and Nrmij), n) < \Z\. There is Y Q Z with \Y\ > n such that 
X is normal on X UY . 

Proof. For each a < b G X there is at most one other pair c < d with xi'^j ^) = 
x(c, d) and hence some z from the first (2) + 1 elements of Z gives A U z is normal. 
By iterating this observation we see that we may define Nrm recursively; Nrm(p, n+ 
l) = Nrm(p,n) + (P+") + l. D 

Proposition 4.10. There is a function h : uP' ^ lu with the following properties. 
Let X be a 2-bounded coloring and A (Z uj a normal set. Let X be any ideal on to, 
X C A a polychromatic set with \X\ < p and A n E{X) ^ I, and Z C An E{X) 
with h{p,n) < \Z\. There is Y C Z with \Y\ > n such that X UY is polychromatic 

andAnE{XUY) ^ /. 



Proof. As in Proposition 14.91 this follows by iterating an observation for extending 
by one point. This time the observation is the claim that given Nq G w, if Ni > 
No{p + 1) +2p + 2 and Z has size at least Ni then for some z equal to one of the 
first 2p + l members of Z we have A n E{X Uz) ^I and \Z n E{X U z)| > Nq. 

Let us verify this claim. By Lemma 14.81 there are at most p members z of 
A n E{X) with A n E{X U z) belonging to /. Remove these from Z and call the 
resulting set Zq. Then Zq has size at least No{p + 1) + p + 2 and it is enough 
to show that one of the first p + 1 members of Zq works. Suppose otherwise for 
contradiction: let oq, . . . Op be the first p + 1 members of Zq and assume that each 
\Z n E{X Uai)\< Nq. Then 

\E{X U ao) n Zo U . . . U E{X U Op) n Zq\ < Nq{p + 1). 

But now we can select a z in Zq C E{X) above Op and not belonging to any of the 
E{X U Oi) and that violates Proposition 14.71 D 

Now define a function g as follows. For each n G uj, set g{l,n) = n + 1. Then 
recursively define g so that 

g{k + l,n) > h{k, g{k, n)), Nrm(fc, g{k,n)),2 ■ g{k,n). 

We let / : w -> a; be a function eventually dominating (for each fixed k and /) the 
map that sends n to g{k, n) + I. We say a set is /-rapid if / <* ca. 

We build U by constructing a filter T which consists only of sets which are not 
/-rapid and which contains a polychromatic set for every 2-bounded coloring; we 
will then want to extend J^ to an ultrafilter consisting only of sets which are not 
/-rapid. To do this it is enough to have J^ n I = where I is an ideal on lj 
containing all the /-rapid sets. 
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Proposition 4.11. Let X consist of all sets A C u) for which there exists l,k,N & ui 
such that 

{Wn>N)\[lJ{n))r\A\ < g{k,n). 
Then I is an ideal that contains every f -rapid set. 

Proof. First, if A is /-rapid then since n + 1 < g{l,n) taking I — and fc = 1 
witnesses A G I. Clearly I is closed under subsets. To see that oj ^ X, just notice 
that \[l,f{n)) n a;| = /(n) — I and we defined / so that g{k,n) + I < f{n) for 
sufficiently large n. Closure of I under unions follows from the fact that 2g{k, n) < 
g{k + 1, n) for every n and k. D 

We now build a filter J- disjoint from X and containing a polychromatic set for 
each 2-bounded coloring. We generate T from a tower of sets not in X. Recall that 
a tower is a sequence {Ti : i < A) of subsets of oj with i < j implying that Tj C* T^. 

Proposition 4.12. If A ^ I and x '■ i^]'^ -^ uj is 2-bounded then there is a normal 
B C A with B ^ I. 

Proof. It is enough to show that given a finite X C oj on which x is normal and 
given N,k,l we may find n > N and Y C A with X L)Y normal and 

[l,f{n))nY>gik,n) 

for then B may be constructed by a straightforward induction. Let p = \X\. 
Because A ^ X there is some n > N such that \[l,f{n)) O A\ > g{k + l,n) > 
Nrm(p, (7(fc, n)). By Proposition 14.91 there is F C [l,f{n)) DA with \Y\ > g{k,n) 
and X L)Y is normal. D 

Proposition 4.13. If x o, 2-bounded coloring and A ^ I is a normal set then there 
is a set B <Z A which is polychromatic and so that B ^X. 

Proof. This is just like Proposition 14. 121 but appealing to Proposition 14. 101 instead 
of Proposition 14.91 D 

Lemma 4.14. Assume MA. If {Ti : i < X) is a tower of sets with each Ti ^ X, 
there is T\ ^X such that T\ (-* Ti for all i < X. 

Proof. The usual forcing notion P to extend a tower applies; conditions are pairs 
{s,A) where s is a finite subset of w and A belongs to the tower. We order by 
setting {s',A') < {s,A) exactly when s' is an end extension of s, A' \ max(s') C A 
and s' \ s C A. The dense sets come in two flavors; first for each Ti consider the 
dense set Ci of conditions {s,A) for which A \ max(s) is a subset of Ti. Second, 
for each l,k,N £ ui take the dense set Di^k,N of conditions (s. A) for which there is 
some n > N with \s fl [I, f{n))\ > g{k, n). If G is a filter on P intersecting each Ci 
and Di^k.N then T\ may be obtained as the union of all the s such that some (s. A) 
belongs to G. D 

Putting all the ingredients together to construct a U which is rainbow Ramsey 
and not rapid is now routine. We enumerate all 2-bounded colorings {xi : i < 2'^) 
and construct a tower of sets {Ti : i < 2'^) not in X such that each Ti is polychromatic 
for Xi- Given an initial segment of such a tower. Lemma |4. 141 applies to extend it 
by a single set A and then Lemma [4. 121 followed by Lemma |4J3] apply to refine this 
extension to a polychromatic set not in X. With the tower constructed, the filter it 
generates consists of sets not in X, and this filter can be extended to an ultrafilter 
U which is disjoint from X and is thus not rapid. 
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4.2. A weakly selective ultrafilter which is not rainbow Ramsey. In this 
subsection we use MA to construct a weakly selective ultrafilter U which is not 
rainbow Ramsey. First we observe that rainbow Ramsey ultrafilters contain poly- 
chromatic sets for colorings with bounds higher than 2. 

Proposition 4.15. Suppose that V is a rainbow Ramsey ultrafilter, k £ lj and 
X ■ [i-o]'^ ^ u! is a k -bounded coloring. Then there is A ElA polychromatic for x- 

Proof. To simplify the argument we assume Ix^^MI = k for each n G ui. Let 
{ag, . . . a^_j^} enumerate x~^[n]. For each possible {i,j} G [fc]^ let Xi,j be a two 
bounded coloring with xl*^") — xiO'7)- Then for each i,j we find Aij G V poly- 
chromatic for Xi,j- The intersection of all of the finitely many Aij yields a set in 
V which is polychromatic for x- D 

We will define U to be an ultrafilter on [w]^ rather than on w. We think of [w]^ as 
the set of edges in the complete graph whose set of vertices is w. Define a coloring 
X by setting x({a, &}, {c, d}) = {a, 6, c, d}. Notice that x is 4-bounded. 

Let X be the collection of A C [w]^ for which there exists an A so that A < |^| 
implies {A^ %X. 

Proposition 4.16. The set X is an ideal containing every set which is polychro- 
matic for X- 

Proof. Since xd^: ^li {c, rf}) — x{{0'Td},{b,c}) no polychromatic set can contain 
an [A]"^ where A has size at least 4. 

It is clear that X is closed under subsets. That X is closed under finite unions 
follows from the finite monochromatic Ramsey theorem. li X ^ YqU . . .Yn contains 
arbitrarily large complete graphs, then so does Yi for some i. D 

Let V = {Pn : n G w} be a partition of [w]^. We say that A C [w]^ is a weak 
7^-selecter if A n P„ is finite for each n. To construct our ultrafilter it suffices to 
build a filter T disjoint from X which for each V either contains some P„ or contains 
a weak P-selecter for each V. 

Lemma 4.17. Assume MA. If {Ti : i < X) is a tower of subsets of [w]^ with each 
Ti ^ X, there is Tx ^ X such that T\ <Z* T^ for all i < X. 

Proof. As in Lemma r4.14l we apply MA to the usual forcing to extend a tower. Our 
dense sets again come in two fiavors; Ci consists of those (s, A) with A \ max(s) 
a subset of Ti. For each A we let Dn be those (s, A) with some [A]'^ C s with 
A < \A\. Given G C P a generic filter intersecting each Ci and Dn we may define 
T\ as the union of all the s such that there exists A with (s, A) g G. D 

Lemma 4.18. Suppose X ^ X and V — {Pn : n G uj} is a partition of [w]^. Either 
some X n Pn 01 or there is Y C X a weak P-selecter with Y ^ X. 

Proof. Assume that each A n P„ G X. Then Y may be built in w-many stages, 
adding finitely many points at a time. We start with Yq ~ 0. At stage A we have 
Yn , with Pq, . . . Pn all the members of V with which Y^ has nonempty intersection, 
and we form Yn+i = YnU[B]^ where A < |P|, [B]^ C A and [B]'^nPoU. . .UP„ = 0. 
We find B as follows. Let Q = PqU . . .L) Pn. Then Q tl X G I so we may take 
M so that Q n X contains no [G]^ where |il/| < G. Now define a 2-coloring with 
domain A by giving elements of Q color and all other members of A color 1. 
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By the monochromatic Ramsey's theorem there is B C oj with M < \B\ and [B]"^ 
monochromatic; then [B]'^ C X \Q a.s desired. D 

Now a routine recursion of length continuum wiU yield an ultrafilter U which 
is weakly selective but not rainbow Ramsey. Enumerate all partitions of [w]^ as 
(■P' : I < 2") and construct a tower of sets (T^ : i < 2") not in I such that each Tj 
is either a weak P-selecter or a subset of some P,* . Given an initial segment of such 
a tower, Lemma 14.171 applies to extend it by a single set Y ^ I and then Lemma 
14.181 applies to refine Y to a, Z <ZY which is either a weak P-selecter or a subset of 
some P^. With the tower constructed, the filter it generates consists of sets not in 
X, and this filter can be extended to a weakly selective ultrafilter U which is disjoint 
from I and is thus not rainbow Ramsey. 

4.3. Rainbow Ramsey ultrafilters are nowhere dense. In this subsection we 
show that every rainbow Ramsey ultrafilter is nowhere dense. 

Lemma 4.19. Suppose S* C R is countable. Then there is a 2-bounded coloring 
X ■ [S]'^ -^ uj so that any set A which is polychromatic for x is nowhere dense as a 
subset o/R. 

Proof. Let C be the collection of all open intervals in R with rational endpoints. 
Fix -< an ordering of S in ordertype w. When we specify xil^ ^) ^g insist that 
q ^ r. Enumerate C = {c„ : n G w}. 

Before defining x we first define sequences {Sn : n G w} and {bf^'^ : n & uj, {p, q} £ 
[S'n]^} such that 

(1) S\Sn is finite. 

(2) For each n G oj the set {b^;'^ : {p, q} £ [Sn]'^} is a pairwise disjoint collection 
of elements of C each of which is a subset of c„ . 

(3) b^;'' n b^ ^ and {p, q} D {r, s} ^ implies that m — n (and thus 
{p,q}^{r,s}hy{2)). 

Suppose recursively we have defined Si and b^''^ for i < n. For each i < n we 
define a set a^ £ C and we do this by recursion. Let Oq = c„. If there is some 

{p'l,qf} G [Si]^ with af n &f ■''' ^ then set a^+i = af n 6^ '''"; otherwise set 
a?+i = af. Let 5„ = 5 \ U.<„K,g?}- We take {fe^-^ . {p,^} ^ [5^]2} ^ be a 
pairwise disjoint collection of members of C so that each 5^''' C a". 

That completes the definition of the Sn and the 6^''^. It is easy to see that we 
have (1) and (2). To see that (3) holds notice that by construction ii i < n and 
a-^ n 6['" 7^ we have a^^ C 5^" and {r,s} = {p2,q?}- But pf,qf ^ Sn and 

"n — "n- 

Now we define x- For x with p,q ^ x and a: G S" H 6^^' set ^(Pi 2;) = xilj ^) ^ 
{p, (7,x}. For all other pairs we let x(p, a;) = {p,x}. Condition (3) in our construc- 
tion of foP'"^ guarantees that x is well-defined and 2-bounded. 

Suppose A C S" is polychromatic for x- We want to check that A is nowhere 
dense. We may as well assume A is infinite. For c G C we must find b € C with 
b C c and b H A = 0. Fix c„ G C. Since A is infinite and Sn is coinfinite in S 
we may find distinct p,q G ACi Sn. Then x{PiX) — x{<1j^) for ^ ^ ^n' ^'^d thus 
6^''^ n A is finite since A is polychromatic. Hence A is empty on a subinterval b^''^ 
which itself is a subset of c„ . D 

Let us temporarily call an ultrafilter weakly nowhere dense if for every injective 
/ : a; — > Q there is an A G Z// with f{A) nowhere dense. In the terminology of 
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Flaskova [FlalOj these are the I-friendly uhrafihers, where X is the nowhere dense 
ideal. Lemma 14.191 shows that every rainbow Ramsey ultrafilter is weakly nowhere 
dense. Thus it only remains for us to establish the following. 

Lemma 4.20. Every weakly nowhere dense ultrafilter is nowhere dense. 

Proof. We show that given a function G : a; — >■ M we can find an injective function 
F : (jj —i' R such that for any A C uj, ii F{A) is nowhere dense then G{A) is 
nowhere dense. As before let C be the collection of all open intervals in M with 
rational endpoints. 

Claim. There is C C C such that for every c G C there is a t C c with t E C' , and 
so that each G{n) belongs to finitely many members of C. 

Proof of Claim. Enumerate C as {c„ : n G cj}. For each c„ let t„ C c„ be some 
member of C that does not contain any of G(0), . . . G{n). Set C — {t„ : rt G cj}. D 

Now we construct F. We do so recursively. Suppose that F{0),...F{n) have 
already been defined. Let to,. . .tm be all the members of C containing G{n + 1). 
Then to H ... t^ is a, nonempty open set. We take F{n + 1) to be a member of 
to n . . . n t,n different from each of F{0), ... F{n). 

Obviously F is injective. Notice also that for every n G uj and every t G C, 
F{n) G t whenever G{n) G t. We can use this property to see that F is as desired. 
For suppose A C uj with F{A) nowhere dense. We check that G{A) is nowhere 
dense. Let s £ C. Since F{A) is nowhere dense there is u G C with u C s so that 
F{A) n M is empty. Take i G C with t C u. Then since F{A) Dt is empty it follows 
that G{A) nt is empty: ii n £ A and G{n) £ t then F{n) £t. D 

4.4. A rainbow Ramsey ultrafilter v^rhich is not discrete. In this subsection 
we use MA to construct a rainbow Ramsey ultrafilter U which is not discrete. It is 
enough to construct U an ultrafilter on Q which contains no discrete subset of Q 
but which contains a polychromatic set for every 2-bounded coloring on Q. 

Definition 4.21. Let A C Q. We define L''{A) C Q by induction on fc G w. 

(1) L"{A)^A. 

(2) i''+^(A) is the set oi a £ A which are limit points of L^{A). 

If there exists k such that L'^{A) = we set CB{A) equal to the least such k. 
Otherwise we say CB{A) > w. 

For A without a perfect kernel CB{A) is just the usual Cantor-Bendixson rank 
for finitely ranked sets. Let X be the collection of all A C Q with CB(A) < to. The 
following proposition is well-known but we include a proof since it uses ideas we 
will need later in the more delicate situation of Proposition 14.281 

Proposition 4.22. The set X contains every discrete subset of Q and is an ideal. 
In fact if CB{A U B) > k + I then CB{A) > k or CB{B) > I. 

Proof. Every discrete subset of Q belongs to X since a set is discrete exactly when 
CB{A) < 2. 

To show that X is an ideal, fix A, B C Q. We show that if L'=+'(AUB) ^ then 
either L''(A) ^ or L'(B) ^ 0. 

For our purposes a tree (T, <t) is a partially ordered set so that for each node 
X £ T the set of predecessors of x is well-ordered by <. Let pt{x) be the set of 
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predecessors of x. For each x G T we let the height of x, written ht(j:), be equal to 
the order-type oi pt{x). The height of T, written htriT), is the maximum of the 
heights of its elements. The A:th level of T is all a; e T with htT(x) = k. 
Now let T be the collection of all trees T with the following properties: 

(1) T has finite height. 

(2) T CAUB. 

(3) Every x G T with hiT(x) < ht(T) has infinitely many successors. These 
can be enumerated {y„ : n g w} where lim„<t^ j/„ — x. 

(4) For each fc < ht(T) either every x £ T with htT(2^) — k belongs to A, or 
every x G T with htT(a::) — k belongs to B. 

li x G L''{A\J B) then by induction on k it may be shown that there is T e T 
with root x and h.tT{T) = k. Thus if there is some x € L'^+'(A U B) then there is a 
T eT with root x and htT(T) = k + l. Then T has fc + ^ + 1 levels so either fc + 1 
levels are subsets oi A oi I + 1 levels are subsets of B. It is easy to see if a node 
in A has k levels above which are subsets of A then that node belongs to L''{A). 
Similarly for B and I. D 

There is an unfortunate complication in the argument to come. Unlike our 
constructions in subsections 14.11 and 14.21 we will not be able to generate U from a 
tower; there are countable length towers of sets not in X which cannot be extended 
by a set not in X. 

The key lemma in the construction of U is the following. 

Lemma 4.23. Assume MA. Let S be a filter base with 5 01—0 and \S\ < 2" 
and let x be a 2-bounded coloring on Q. There is a polychromatic B G Q such that 
B n S ^2 for every S E S. 

Using Lemma l4.23l to construct an appropriate U is a routine recursion of length 
continuum. So we turn to proving Lemma 14.231 Fix S a filter base with 5 nX = 
and \S\ < 2" and fix x ■ [Q]^ -^ uj a, 2-bounded coloring. Throughout the rest 
of this section we assume MA. For e > and a S Q we let Ng{a) denote the e- 
neighborhood around a. Fix a well-ordering ^ on Q of ordertype uj; our definition 
of normal for subsets Q is the same as Definition 14.61 but using -< instead of < . 

Proposition 4.24. There is a normal ^ C Q with AnS ^I for each S E S. 

Proof. We apply MA to the partial order of finite normal subsets of Q ordered by 
Xi < Xq if Xq C Xi . The point is to arrange the dense sets so that for each k E uj 
and S* G iS we eventually add a member of L (S), and once we have added some 
a E L^^^[S) we add for each rational e > a member of L^{S) n N^{a). The 
density of the sets follows from the fact that each 5 ^ X and the fact that if X C Q 
is finite and normal then X U {a} is normal for all but finitely many a G Q. D 

Now fix A as in Proposition 14.241 We want to build a polychromatic B C A with 
each B D S ^ I. We will build B by finite approximations, which we denote by X, 
and when we add a proposed limit point b to B we have to make sure that 6 is a 
limit point not only of E(X) but also of E{X U b). Hence the following definition. 



Definition 4.25. Let X E Ahe finite and polychromatic and let S E S. We define 

Lp^^{X, S) by induction on k E ui. 

(1) L%iX,S) = E{X)nS. 
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(2) ip+i^X, S) is the set of a e E{X) n S which are limit points of L^^i{X U 
a,S). 
If there exists k such that L'^^i{X,S) = wc set CBpo\{X,S) equal to the least 
such k. Otherwise we say CBpoi(X, S) > u). 

We prove the analogue of Proposition 14.71 Define ft, : w^ — > w by recursion on 
the first coordinate. Take ft(0, n) = n and h{k + 1, n) = n + 1 + h{k, n + 1). 

Proposition 4.26. Suppose n — \X\ and uq, . . .a}i(^k,n) are distinct members of 
E{X)nS. Then 

i^„i(X, S) C* L^„i(X U ao, ^) U . . . U L^„i(X U a„(fe,„) , S). 

Proof. The base case fc = is just Proposition H??! 

For the successor case let y G L'^'^^{X, S). By Proposition 14.71 there are at most 
n + 1 choices of i with y ^ E{X U Oi) or equivalently a^ ^ E{X U y). Hence by 
relabeling we may assume that a^ G E{X U y) for i < h{k, n + 1). By definition y 
is a limit point of L^^^{X U y, S) and by induction we have 

L^,i(X U y, S) C* l;;,i(X U 2/ U ao, ^) U . . . U L^^JX U y U a/,(fc,„+i), 5). 

Thus there is i such that y is a limit point of L'^^^{X U y U ai,S). Since y G 
i;(X U flj) n S" that gives y G Lp+i^ (X U Oi, 5). D 

Proposition 4.27. For each S ^ S we have CBpoi(0,S') > w. 

Proof. We must prove that L'^^^{X,S) ^ for each k < ui. Define w : cj^ — > cj 
by recursion on the first coordinate. Take v{Q,n) = 1 and v{k + l,n) = v{k,n) + 
h{k,n) + 2. 

To prove the proposition, we prove the following more general fact by induction 
on k. For X C A with |X| = n and U an open subset of Q, 

(*) if L^('^^")+i(£;(X) n S*) n [/ 7^ then L'^p^iiX, S)nUis infinite. 

Since CB(_B(0) D S) > to, this statement yields the proposition when used with 
X = and C/ = Q. 

The base case fc = is trivial. 

For the successor step fc+1 suppose that L'^'^^^{X, S)nU is finite, yet L''^''+^-'''^+^{E{X)n 
S) r\U is not empty. We define sequences [yt : i < h{k,n)}, {et : i < h{k,n)} by 
recursion so that 

(1) N,oiyo)<^u 

(2) yi GL''('=+i'")-*(£;(X)nS') 

(3) iV,.(y,)nL^„i(XUy„5)C{yJ 

(4) N,^^,iy,+,)CN,M)- 

Start by fixing some y a member of L''(''+^'"^+^(_E(X) r\S)r\U. By definition y 
is a limit point of L'"*^'^+^'"'(i?(X) n S*); since y & U there must be infinitely many 
members of L"('=+i'")(£:(X) n S*) n C/; one of them does not belong to L^ti^{X, S), 
take this to be j/q- Since yo ^ L^'^j^{X,S) we may select some small eo satisfying 
(1) and (3). The contruction of the rest of the sequence follows suit and we obtain 
yi+i from yi in a manner similar to how we obtained yo from y. 

Now take y — yh(k,n) and e = eh(k.n)- By (3) and (4) we have that N^ijj) n 
i|;„i(X U y„5) is finite for i < h{k,n). Also y G A^,(y) n i"('='")+i(^(X) n S*) so 
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that by induction N^{y) n L'^^i{X,S) is infinite. And yet by Proposition 14.261 we 
have 

N,iy) n i^„i(X, S) C* N,iy) H (L'^JX Uyo,S)U...U i^„i(X U yhik,n),S)). 

This is a contradiction because the right hand side is supposedly finite. D 

Proposition 4.28. Suppose that X C A with \X\ < n and CBpoi(^, 5) > uj for 
each S E S . Then there are at most n elements a in E{X) such that CBpoi(^ U 
a,S) < Lu for some S E S. 

Proof. Suppose for contradiction that at G E{X) and Si E S for i < n with 
CBpoi(X U a„ 50 < w. Set S = n,<n S,. Then CBpoi(X, S) > uj while CBpoi(X U 
Oi, S) < u for each i < n. By Proposition 14. 71 we have 

E{X) nS C* {E{X U ao) U . . . U E{X U a„)) n S. 

We will use this obtain a contradiction by showing that for each I G u there is some 
i < n so that Lp^^y{X Dai,S) is not empty. So fix Z e w. 

Let T be the collection of all trees T with the following properties: 

(1) T has finite height. 

(2) X <T y in T implies x ~< y. 

(3) T C {E{X U ao) U . . . E{X U a„)) n S. 

(4) Every x G T with htT(a;) < ht(r) has infinitely many successors. These 
can enumerated be as {y„ : n £ cj} where lim„<t^ y„ — x. 

(5) For each k < ht(r) for some i < n we have that all x in T with ht(a;) = k 
belongs to E{X Uoi). 

(6) X e E{XUpt{x)) for each x G T. 

If X G LpQj(X, 5) and does not belong to the finite set F it can be shown 
by inudction on k that there is a T G 7" with root x and ht(r) = k. Since 
CBpoi(X, S) > u it follows that we may find T E T with ht(T) arbitrarily large. 

Let Ti be all trees T' C E{X\Jai)r\S satisfying clauses 1,2, and 4 of the definition 
of T with the additional property that if x G T' then x G E{X U a^ \JpT'{x)). If 
X is the root of some T' £ Ti with ht(r') — I then x G L'p^^{X U Oi, S), so we just 
need to find such a tree. 

Let T G T with ht(T) > 2l{n + 1). For some i < n there are 2/ + 1 levels of 
the tree with every member of that level belonging to E{X U Oi). Let Tq be the 
subtree of T consisting of just those levels. Then ht(To) = 21 and Tg satisfies all 
the requirements of the definition of membership in Ti except possibly one: while 
each X G To belongs to both E{X U a^) and E{X L)pT„{x)) it may be that x does 
not belong to E{X U Ui UpTo{x)). 

We define by recursion a sequence of trees {T^ : fc < /} so that 

(i) ht(rfc+i) = ht(Tfc) - 1 - 2/ - fc 
(ii) For X G Tfc with Mt^ (x) > ht(Tfe) - fc we have x G E{X Ua^U pr^ {x)). 

Given the sequence we may take T' to be Tj. So let us describe the recursion. 
Say Tk is given with k < I. For j < htTk{x) let pT^(j,x) denote the predecessor y 
of X with htT'(y) — j. If x G Tk and x ^ E{X U a^ Upx^. (x)) then by normality of A 
and the fact that x belongs to both E{X U Ui) and {E{X) L)pTo{x)) there is some 
j < htT'o(x) with x(pO;2;),x) = x(a,x). Since x is 2-bounded there is at most one 
such j. For each x € Tk with htrt i^) = ht(Tfe) — fc — 1 let 6(x) equal such a j if it 
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exists. We may thin Tk so that b{x) is the same j for all such x; then form Tk+i 
by removing level j from Tk . □ 

Proposition 4.29. Suppose that c ^ A, X C A is finite and S E S. If c is a limit 
point o/LpQj(X, S) then for all but finitely many a G E{X) D S we have that c is a 
limit point of L^^^{X U a,S). 

Proof. This is immediate from Proposition 14.261 D 

Proof of Lemma \4-S3\ Take P to the notion of forcing consisting of conditions 
{X, f) where 

(1) X Q A is finite and polychromatic with CBpoi(X, 5) > w for each S E S. 

(2) / is a finite partial function from 5 x w x w into X so that if f{S, n,k) — c 
then c is a limit point of L'^^^{X, S). 

(We could also prove this lemma using the same forcing notion but without the 
commitments /, but including them will help keep the argument organized.) We 
order P by inclusion: {X', f) < {X, f) if and only X' D X and /' 3 /. That P is 
nonempty follows from Proposition 14. 271 A simple A-system argument establishes 
that P is ccc. 

Let Ds,n,k be the collection of conditions {X,f) with {S,n,k) G dom(/). To 
check density let {X, f) e P. The set L^'^^{X, S) is infinite. Together Propositions 
WM and WM implv that for all but finitely many c G Lp+^(X,5), the pair {X U 
{c}, / U {((S*, n, fc), c)} is a condition. It clearly belongs to Ds,n.k- 

For rational e > let Es^n,k,e be the collection of conditions {X, f) with /(S*, n, fc+ 
1) — c where for some m we have f{S,m,k) — d and d G N^{c). To check den- 
sity let {X, /) G P and without loss of generality assume {X, f) G Ds,n,k+i and 
f{S,n, fc + 1) = c. Then N^{c) n ip+j^(X, S) is infinite and together Propositions 
14281 and 14:291 implv that for aU but finitely many d G N^{c) n L^^i{X, S) the pair 
{X U {c}, / U {((S*, m, fc), d)} is a condition. It clearly belongs to Es,n,k,e- 

Finally let D'g „ ^ be the collection of conditions {X, f) with f{S, n, 0) = c where 
we have some d G X ^ N^{c). Density of D'^ ^^ ^ can be checked similarly to the 
above. 

Using MA let G C P be a filter intersecting the dense sets described above. Let 
B = [j{X : {X, f) G G} and let F = [j{f : {X, f) G G}. Then B is polychromatic 
and an induction on k shows that each F{S,n,k) belongs to i'''+^(_B). D 

5. Polychromatic Ramsey theory and cardinal characteristics of 

the continuum 

In this short final section we give a few well-known cardinal characteristics char- 
acterizations with the flavor of polychromatic Ramsey theory. The colorings we use 
here will be unary. 

Definition 5.1. Let T C ui'^ . We let par(J^) denote the least size of a family 
G Q J^ for which for every X G [to]'^ there is f G Q so that / is neither eventually 
constant nor eventually injective on X. 

(1) pari, = parltj"^). 

(2) par, = par(2") 

(3) par^ — par(J^) where J^ consists on all finite-to-one functions. 

(4) par^cid = p(i'^(-7^) where T consists of all / with each \f^^{n)\ < 2. 
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Our notation is consistent with that of Blass jBla93j who introduced pax^^. The 
cardinal por^ is just the sphtting number s. Let us note that Galvin's trick apphed 
to the unary 2-bounded colorings corresponding to patij^jj yields the inequality 
par^ < patr^dd- 

We also introduce notation for the dual characteristics. 

Definition 5.2. Let T C u'^ . We let ()om(J') denote the least size oi a X C [oj]" 
so that for every f £ J- there is some X £ X so that / is either eventually constant 
or eventually injective on X. 

(1) fiomic = \)om{uj'^). 

(2) [)om^ = fiom(2") 

(3) f^om^ — f)om(7^) where T consists on all finite-to-one functions. 

(4) [)omijdd — floni(J^) where T consists of all / with each \f~^{n)\ < 2. 

Proposition 5.3. patj^ = b, and dually fjorri]^ — 0. 

Proof. Given / G uj'^ strictly increasing let g be some finite to one function which 
is constant on each interval [/(2n), f{2n + 2)). Then if X G [w]" and gf is injective 
on a cofinite subset of X it follows that / <* ex- This shows pav^ < b. The dual 
argument shows that O < fjom^. 

For each strictly increasing / g oj" let Xj e [uj]'^ be the set {/"(O) : n g uj}. 
For each finite-to-one function g £ uj'^ let hg 6 w" be such that if I > hg{n) then 
g{l) ^ {g(0), . . .g{n)}. Suppose hg <* f and take N for which f{n) > hg{n) for all 
n > N. Then g is injective on Xf \ N. This shows f)om]^ < 0. The dual argument 
shows that O < patj^. D 

Theorem 5.4. parj^dd ~ 'non{Ai), and dually f)om^Jdd — cov{A4). 

Proof. First we prove porj^dd ^ non(7W). The collection 7^ C cj" of two-to-one 
functions is closed as a subset of Baire space and thus may be regarded as a Polish 
space in its own right. Thus if non(7W) < pacj^dd there exists some nonmeager 
ACT with cardinality strictly less than patj^dd- By definition of pacj^dd there 
exists an infinite X <Z uj for which 

AC{feT: (3iV)(Vn, m G X)n, m>N^ f{n) ^ f{m)}. 

But this latter set is meager, contradiction. 

The dual inequality, cov(A4) < t)omi,ddJ can be obtained using a dual argument. 
Alternatively one may notice that by its definition [)om^5dd i^ ^ ^2 characteristic 
and apply Proposition 3 and Theorem 5 of [BTaQS . 

Next we prove ()om|3dd ^ cov(7W). We use Bartoszyhski's characterization of 
cov(A^) in terms of slaloms. A slalom is a function with domain lu so that 
each ^(n) C lo with |0(n)| < n. Let C denote the set of slaloms. Then cov(A^) 
is the least size of a family T C ij^ such that for every (f> G C there is some 
/ G J-" so that for all but finitely many n we have f{n) ^ (f>{n). For a proof of this 
characterization, see Lemma 2.4.2 in JBJ95] . Let us point out that for the purposes 
of this characterization the requirement that |0(n)| < n is unnecessary; instead of 
the identity function we may use any function h G w" with values going to infinity 
and require \(t){'n)\ < h(n) instead. 

We start by massaging Bartoszynski's characterization slightly, and show that 
we may take J-" to consist of strictly increasing functions. For each / G w'^ we 
associate a strictly increasing gf G w" as follows. If / is finite-to-one, we fix 
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some X — {xn : n G w} (enumerated in increasing order) on which / is strictly 
increasing and set gf{n) — f{xn)- Otherwise we take gf to be the identify function 
(or something equally arbitrary). We claim that if J^ C cj" is such that (V(/) G 
C)(3/ e J")(V°°n)/(n) ^ (f){n) then the family {gf : / G J^} has the same property 
(with respect to a class of slaloms with a larger bound). 
Given G C associate the function i/;^ defined by 

V'.^(n) = 0(0) U . . . (j>(n) U {0, . . . n}. 

It is enough to show that if i\l°°n)f{n) ^ 4'<p{n) then i\/°°n)gf{n) ^ 4>{n). If 
{\/°°n)f{n) ^ tp4,{n) f certainly can only take each value finitely often. Further for 
sufficiently large n we have gf{'n) — /(a;„) ^ ip^ln). Then for such n, 

g/(n)^0(O)U...U0(x„). 

Since n < Xn we have gf{n) ^ <Pin), as desired. 

We now use the massaged characterization to finish the theorem. Given strictly 
increasing / G cj"^ associate Af G [w]"^ given by Af = {/"(O) : n G w}. To each 
two-to-one g e uj'^ we associate a slalom (j)g defined as follows. First define hg G uj'^ 
by setting hg{n) — m where to 7^ n is the unique m such that g{n) = g(m) if such 
TO, exists, and set hg{n) = n if there is no such m. Then define (j)g by 

<f>g{n)^{hg{0),...hg{n)}. 

We verify that if {\/°°n)f{n) ^ (pgin) then g is injective on a cofinite subset oi Af. 
Say N is such that f{n) ^ (t>g{n) for n > N. Then g is injective on Af\N. Otherwise 
for some k,m€uj with f''{0) > N we would have g{f''{0)) = 5(/''+'"+^(0)). Then 
hgi-fi^)) = ./''+'"+ Ho)- Because /is increasing we have /ig (7*^(0)) e (f>g{f ''+'"' (0)). 
Thus ./(./''+" (0)) G '/'g(.f''+™(0)), contradicting /fc+™(0) > iV. D 

References 

[ACS07] Uri Abraham, James Cummings, and Clifford Smyth. Some results in polychromatic 

Ramsey theory. J. Symbolic Logic, 72(3):865-896, 2007. 
[AGHH86] Brian Alspach, Martin Gerson, Gefia Hahn, and Pavel Hell. On sub-Ramsey numbers. 

Ars Combin., 22:199-206, 1986. 
[Bau95] James E. Baumgartner. Ultrafilters on w. J. Symbolic Logic, 60(2):624— 639, 1995. 
[BJ95] Tomek Bartoszyiiski and Haim Judah. Set theory. A K Peters Ltd., Wellesley, MA, 

1995. On the structure of the real line. 
[Bla77] Andreas Blass. Ramsey's theorem in the hierarchy of choice principles. J. Syvibolic 

Logic, 42(3);387-390, 1977. 
[Bla93] Andreas Blass. Simple cardinal characteristics of the continuum. In Set theory of the 

reals (Ramat Gan, 1991), volume 6 of Israel Math. Conf. Proc, pages 63—90. Bar-Ilan 

Univ., Ramat Gan, 1993. 
[Bre99] Jorg Brendle. Between P-points and nowhere dense ultrafilters. Israel J. Math., 

113:205-230, 1999. 
[CM09] Barbara F. Csima and Joseph R. Mileti. The strength of the rainbow Ramsey theorem. 

J. Symbolic Logic, 74(4): 1310-1324, 2009. 
[FlalO] J. Flaskova. I-ultrafilters and summable ideals. In 10th Asian Logic Conference, pages 

113-123. World Sci. Publ., Hackensack, NJ, 2010. 
[HMB04] Pavol Hell and Juan Jose Montellano-Ballestcros. Polychromatic cliques. Discrete 

Math., 285(l-3):319-322, 2004. 
[Jec73] Thomas J. Jech. The axiom of choice. North-Holland Publishing Co., Amsterdam, 

1973. Studies in Logic and the Foundations of Mathematics, Vol. 75. 
[Kan03] Akihiro Kanamori. The higher infinite. Springer Monographs in Mathematics. 

Springer- Verlag, Berlin, second edition, 2003. Large cardinals in set theory from their 

beginnings. 



20 PALUMBO 

[Klc69] E. M. Kleinbcrg. The independence of ramsey's theorem. J. Symb. Log., 34(2):205— 206, 

1969. 
[Kun76] Kenneth Kunen. Some points in I3N. Math. Proc. Cambridge Philos. Soc, 80(3):385— 

398, 1976. 
[She98] Saharon Shelah. There may be no nowhere dense ultrafilter. In Logic Colloquium '95 

(Haifa), volume 11 of Lecture Notes Logic, pages 305—324. Springer, BerUn, 1998. 
[Tod83] Stevo Todorcevic. Forcing positive partition relations. Trans. Araer. Math. Soc, 

280(2):703-720, 1983. 

Justin Palumbo, Department of Mathematics, University of California at Los Ange- 
les, Los Angeles, California 

E-mail address: justlnpaOmath. ucla.edu 



